Moreover we write
to i t ) -\p(t) I G & _ a (n; 3, I, t) = £ P(n,
We employ ¥ (t), H o (n; 3, I, u) with meanings similar to the above ot p-ex notations. Throughout the present paper we denote by v(t) a positive bounded function, X(t) a positive non-decreasing function, and {p } a non-negative, non-increasing sequence.
Given a function w(£) , we write for n = 1, 2, ... ,
Let [a:
] denote the greatest integer not greater than x ; in particular we write m = [n/2] and T = [%((2rr/u)-l)] ; and A denotes a positive constant which is not necessarily the same at each occurrence. This theorem has wider applications than the results of Bhatt and Kishore [ I ] , Dikshit [ 2 ] , and Lai [ 5 ] , [ 6 ] . As special cases of Theorem 1 we obtain the r e s u l t s of Matsumoto [ 7 ] . In the two theorems above, if P £ AX n , then the right-hand side of (1.10 is replaced by 0(l) .
If the property
holds for a suitable constant A , it is easy to see that (1.9) implies (1.7).
Proof and corollaries of Theorem 1
We need some lemmas for the proof of Theorem 1. 
The proofs of the above lemmas are quite easy and we omit them.
LEMMA 4. For 0 < t s TT _, and 0 2 a 2 8 < 1 , , f e-a . , t»-%inkt n( .,.
where if a = B we may obviously omit the last term in both oases.
Proof. By integration by parts, we have
where 0 5 ^ S ir/fe < n S t . The second formula is obvious by
Proof of Theorem 1. We suppose 0 < a < 1 , because we can treat a = 0 or 1 more easily (see [3] , [70] ). Since 
If, in particular, we suppose that <p(t) = t , in which case If t denotes t h e n t h (tf, p ) m e a n o f J X y n * > l (x) , t h e n b y 
Since, by (1.5) and Lemma 3,
to prove our theorem i t is enough to show that We divide e^ into the following three parts:
say.
Using the first and second mean value theorems, we have K|5g_ 1 (n; T+1, n, Finally, by P(n, fe) = Summing (2.2), (2.6), (2.7), and (2.9), we obtain (2.1).
This terminates the proof of Theorem 1.
Now we consider some applications of Theorem 1.
We can restate Theorem 1 in the following form.
COROLLARY 2. Suppose that {w } is a positive sequence such that o
P w In is non-increasing. P w In X is bounded and n n *' n n n
. 3%en under the condition (1.6) ue conclude that T n n A (t) -is n=l n B n 8 summable \H, p \ at t = x . If P 5 An X j the right-hand side of (2.10) is replaced 0(l) .
The next theorem is a special case of Corollary 2. 
Proofs and c o r o l l a r i e s o f Theorems 2 and 3
We need the following lemmas, which are generalizations of Lemmas 3, k, and 6 of Okuyama [ 7 7 ] . Proof.
P -P . \ -
( f e + l^f P -P . 2T+1 X, la, 2x+l
Using (3.^) instead of (2.U), we may treat /'/" and JV ty easier methods than those used for J^ and «f, in §2. Thus we have (3.6). Combining (3.1), (3.2), (3.3), (3.5), and (3.6), Theorem 2 is completely proved.
Since the calculations to prove Theorem 3 are similar to those for Theorem 1, we omit them.
Using Theorems 2 and 3, we obtain several corollaries which are parallel to those of §2 or Okuyama's paper [77] .
We shall show one of them. 
